Abstract. Let M ⊂ S n+1 be a complete orientable hypersurface with constant Gauss-Kronecker curvature G. For any v ∈ R n+2 , let us define the following two real functions lv, fv : M → R on M by lv(x) = x, v and fv(x) = ν(x), v with ν : M → S n+1 a Gauss map of M . In this paper, we show that if n = 3, lv = λfv for some nonzero vector v ∈ R 5 and some real number λ, then M is either totally umbilical (a Euclidean sphere) or M is a cartesian product of Euclidean spheres. We will also show with an example that the completeness condition is needed in the result we just mentioned. We also show that if n = 4, lv = λfv for some nonzero vector v ∈ R 6 and some real number λ and (λ 2 − 1) 2 + (G − 1) 2 = 0, then M is either totally umbilical (a Euclidean sphere) or M is a cartesian product of Euclidean spheres. Moreover, we will give an example of a complete hypersurface in S 5 with constant Gauss-Kronecker curvature that satisfies the condition lv = λfv for some non zero v, which is neither a totally umbilical hypersurface nor a cartesian product of Euclidean spheres.
Introduction. Let M ⊂ S
n+1 be an orientable hypersurface. For any v ∈ R n+2 , let us define the following two real functions l v , f v : M → R on M by
where ν : M → S n+1 is a Gauss map of M . These two family of functions {l v } v∈R n+2 and {f v } v∈R n+2 are very important because they can be defined for any oriented immersion on the sphere and they have been widely used to construct test functions to study the spectrum of operators on M such as the Laplace operator and the stability operator when M is minimal, M has constant mean curvature or M has constant scalar curvature. See for example [11] , [12] , [13] , [14] , [9] , [6] and [4] .
In [1] , Alías, Brasil and the first author proved that if M is a complete hypersurface with constant mean curvature and l v = λf v for some nonzero vector v ∈ R n+2 and some real number λ, then M is either totally umbilical (a Euclidean sphere) or M is a cartesian product of Euclidean spheres. Thit is, M must be a isoparametric hypersurface of order 1 or 2. We can modify the arguments presented in [1] to show that the completeness was not needed and therefore there are not non-isoparametric locally defined hypersurfaces of S n+1 with constant mean curvature that satisfy the condition l v = λf v . Also in [1] an example of a complete non-isoparametric hypersurface that satisfies f v = λl v was presented. After this result, it looked like to fulfill only one of the conditions was easy but only the isoparametric hypersurfaces of order 1 and 2 were the only ones that satisfy an algebraic equation for the principal curvatures and the additional condition f v = λl v for some nonzero vector v. In [10] , the authors were able to show that, as expected, the conditions constant scalar curvature plus f v = λl v for some nonzero vector on a complete oriented hypersurface of S 4 imply that the hypersurface must be isoparametric of order 1 or 2. The authors proved that the completeness condition was needed this time by showing a non isoparametric hypersurface in S 4 with constant scalar curvature that satisfies the condition f v = λl v for some nonzero vector v. Recall that these non complete examples do not exist if we replace the condition, constant scalar curvature by the condition constant mean curvature.
In [3] , Cheng, Li and the second author proved that if M has constant GaussKronecker G = c = ±1, l v = λf v for some nonzero vector v ∈ R n+2 and some real number λ, then M is either totally umbilical (a Euclidean sphere) or M is a cartesian product of Euclidean spheres. A natural question to ask regarding this theorem is if the additional condition G = ±1 is needed? In this paper we show that for hypersurfaces of S 4 , the condition G = ±1 is not needed, it is just a technical assumption and, surprisingly, for hypersurfaces in S 5 the condition G = ±1 is needed. More precisely, in this paper we show that the only complete hypersurfaces of S 4 with constant Gauss-Kronecker curvature that satisfy f v = λl v for some nonzero vector v are the isopametric hypersurfaces with order 1 and 2, and we show an example of a complete hypersurface in S 5 with constant Gauss-Kronecker curvature that is not isoparametric and satisfies that f v = λl v for some nonzero vector v. We also improve the result in [3] by showing that if a complete non-isoparametric hypersurface in S 5 has constant Gauss-Kronecker G and f v = λl v for some nonzero vector v, then G and |λ| must be 1.
4 be a complete orientable hypersurface with constant Gauss-Kronecker curvature G. If l v = λf v for some nonzero vector v ∈ R 5 and some real number λ, then M is either totally umbilical (a Euclidean sphere) or M is a cartesian product of Euclidean spheres. Theorem 1.2. Let M ⊂ S 5 be a complete orientable hypersurface with constant Gauss-Kronecker curvature G. If l v = λf v for some nonzero vector v ∈ R 6 and some real number λ, (λ 2 − 1) 2 + (G − 1) 2 = 0, then M is either totally umbilical (a Euclidean sphere) or M is a cartesian product of Euclidean spheres. Moreover there exists a complete orientable hypersurface which has constant Gauss-Kronecker curvature , l v = f v for some nonzero vector v ∈ R 6 and which is neither a totally umbilical hypersurface nor a cartesian product of Euclidean spheres. Due to the first part of this theorem this example satisfies (λ
Proofs of Theorems.
Without loss of generality, we will assume that M is not totally umbilical. For any fixed vector v ∈ R n+2 , v : M → R n+2 defined by
is a tangent vector field on M because v (x), x = 0 and v (x), ν(x) = 0 for every point x ∈ M . By multiplying the equation l v = λf v by an appropriated constant, we may assume that |v| = 1. In this proof, for any c ∈ (−1, 1) we will denote by S n (c) the Euclidean sphere with radius √ 1 − c 2 given by {x ∈ S n+1 : x, v = c}. We will also assume that l v is not constant. Otherwise M ⊂ S n (c) for some c, and according to the completeness of M , we have M = S n (c), that is, M is totally umbilical. Since l v is not constant, then λ = 0. By changing the Gauss map ν by −ν if necessary, we will assume that λ > 0. From [1] , we know that
• N = S n (0) ∩ M is a non-empty complete surface of the unit sphere S n (0). Moreover, viewed as a surface in M , it is totally geodesic.
• For any x ∈ N , v = v , therefore v is a unit vector in T x M .
• For any x ∈ N , if β x (s) is the geodesic in M that satisfies β x (0) = x and β x (0) = v then, up to a reparametrization, β is an integral curve of v .
• For any x ∈ N , we have that if λ 1 , . . . , λ n−1 are the principal curvatures of N at x as a hyper surface of S n (0) and w = √ 1 + λ −2 , then, the principal curvatures of M along β x (s) arẽ
Let us recall that, sinceλ 1 ,λ 2 , . . .,λ n are the principal curvatures of M , then we have that the Gauss-Kronecker curvature G satisfies that
−1 }, we will get that M has either one constant principal curvature equal to − 1 λ or M has two constant principal curvatures λ and − 1 λ . Then, using a similar argument as in [1] and [3] , we have that in the first case, M is a Euclidean sphere and in the second case we get that M is the cartesian product of Euclidean spheres.
Firstly, we will prove Theorem 1.1.
Proof. From the previous paragraph, we have that in order to prove Theorem 1.1, it is enough to show that λ i (x) ∈ {λ, −λ −1 } for all x ∈ N and i = 1, 2. For any x ∈ N such that λ i (x) / ∈ {λ, −λ −1 } and let us define
then,
The following sequence of statements will lead us to the conclusion that
If this happens, we have that for
.
This means that, for every s ∈ (− π 2w , π 2w ), cos(ws) is a root of the following polynomial equation on X:
Since the above polynomial equation should only have one root, we derive that the coefficient of X is zero, and, since b 1 (x) = 0, we obtain,
λ 2 a 1 (x) = 0, it follows that a 1 (x) = 0. This contradiction implies the claim. Claim 2. For any x ∈ N , it is impossible to have λ 1 / ∈ {λ, −λ −1 } and λ 2 (x) = λ.
Under these assumptions, we have
Using the same arguments as in the proof of Claim 1, we obtain
This contradiction implies the claim.
Since the polynomial equation should only have finite roots, we derive that the coefficients of X q are zero for any integer q ∈ {0, 1, 2}, that is,
Since a 1 (x)a 2 (x) = 0, then we get that λ 2 = 1 and since we are assuming that λ > 0, we get that λ = 1. Since G = − 1 λ 3 , then we get that G = −1. The last equation in Claim 3 follows from these equalities.
Claim 4.
For any x ∈ N , it is impossible to have λ 1 (x) / ∈ {λ, −λ −1 } and
Let us argue by contradiction and let us assume that λ 1 (x 0 ) / ∈ {λ, −λ −1 } and λ 2 (x 0 ) / ∈ {λ, −λ −1 }. By Claim 3 we must have that the constant value of the scalar curvature must be G = −1; moreover, λ must be equal to 1 and, the values λ 1 (x 0 ) and λ 2 (x 0 ) must satisfy the equation
Since λ = 1, for any x ∈ N such that λ i (x) / ∈ {λ, −λ −1 }, we have that
Using the fact that
is between −1 and 1 when λ i (x) ≤ 0, we conclude that λ i (x) > 0; otherwise, for some value of s the expressionλ i (β x (s)) would blow up. Let us show for all x ∈ N , λ 1 (x) and λ 2 (x) are positive and λ 1 (x)λ 2 (x) = 1. Let x ∈ N be any point in N . Since N is complete there is a geodesic γ in N such that γ(0) = x 0 and γ(t 0 ) = x. By claim 2 we have that, if for some t, λ 1 (γ(t)) = 1 then λ 2 (γ(t)) = 1. By continuity it follows that λ 1 (x) and λ 2 (x) are positive and λ 1 (x)λ 2 (x) = 1. From the previous arguments, we have that the principal curvatures of N as a surface of the unit three dimensional sphere are greater than 0 and they satisfy equation 2.1, hence the sectional curvature K of N is K = 1 + λ 1 λ 2 = 2, then N is compact from Myers's theorem. From the result of Cheng-Yau (see Theorem 2 of [5] , Page 200), we obtain that N is a totally umbilical sphere. This is a contradiction with the fact that λ 1 (x 0 ) / ∈ {λ, −λ −1 } = {1, −1}, because the only positive value t = λ 1 = λ 2 that satisfies equation 2.1 is t = 1.
From Claims 1, 2 and 4 we conclude that the principal curvatures on N are constant and contained in the set {λ, −λ −1 }. As pointed out before, we can infer from this fact that the principal curvature on M are constant and contained in the set {λ, −λ −1 } and therefore Theorem 1.1 follows.
Secondly, we will prove Theorem 1.2.
Proof. For any x ∈ N such that λ i (x) / ∈ {λ, −λ −1 } and let us define
Claim 1. For any x ∈ N , it is impossible to have λ 1 (x) / ∈ {λ, −λ −1 } and λ 2 (x) = λ 3 (x) = −λ −1 .
If this happens, we have that for s ∈ (− π 2w , π 2w ), we infer
λ 3 a 1 (x) = 0, it follows that a 1 (x) = 0. This contradiction implies the claim. Claim 2. For any x ∈ N , it is impossible to have λ 1 / ∈ {λ, −λ −1 }, λ 2 (x) = λ and λ 3 (x) = −λ −1 .
Claim 3.
For any x ∈ N , it is impossible to have λ 1 / ∈ {λ, −λ −1 } and λ 2 (x) = λ 3 (x) = λ .
Since a 1 (x)a 2 (x) = 0, then we get that λ 2 = 1 and since we are assuming that λ > 0, we get that λ = 1. Since G = 1 λ 4 , then we get that G = 1. The last equation in Claim 4 follows from these equalities.
Since a 1 (x)a 2 (x) = 0, then we get that λ 2 = 1 and since we are assuming that λ > 0, we get that λ = 1. Since G = − 1 λ 2 , then we get that G = −1. The last equation in Claim 5 follows from these equalities.
Claim 6.
For any x ∈ N , it is impossible to have
b2(x) cos(ws) + λa2(x)
Since the polynomial equation should only have finite roots, we derive that the coefficients of X q are zero for any integer q ∈ {0, 1, 2, 3}, that is,
Since −λ 4 + λ 2 − 1 < 0, then we get that a 1 (x)a 2 (x)a 3 (x) = 0. This contradiction implies the claim. Claim 7. For any x ∈ N , it is impossible to have λ 1 (x) / ∈ {λ, −λ −1 }, λ 2 (x) / ∈ {λ, −λ −1 } and λ 3 (x) = λ.
Let us argue by contradiction and let us assume that λ 1 (x 0 ) / ∈ {λ, −λ −1 }, λ 2 (x 0 ) / ∈ {λ, −λ −1 } and λ 3 (x 0 ) = λ. By Claim 5 we must have that the constant value of the Gauss-Kronecker curvature must be G = −1, and moreover, λ must be equal to 1 and, the values λ 1 (x 0 ) and λ 2 (x 0 ) must satisfy the equation
Using a similar argument as the one used in the proof of Claim 4 of Theorem 1.1, we obtain that the principal curvatures of N as a hypersurface of the unit four dimensional sphere are greater than 0 and they satisfy equation 2.2, hence the sectional curvature of N along each plane spanned by two principal directions is R ijij = 1 + λ i λ j > 1, we can prove that the sectional curvature is positive for all the planes. Therefore N is compact from Myers's theorem. A direct computation shows that equation 2.2 can be written as
where r N is the normalized scalar curvature of N and H N is the mean curvature of N . From the result of Li-Suh-Wei (see Theorem 1.3 of [8] , Page 322), we obtain that N is a totally umbilical sphere. This is a contradiction with the fact that λ 1 (x 0 ) / ∈ {λ, −λ −1 } = {1, −1}, because the only positive value t = λ 1 = λ 2 that satisfies equation 2.2 is t = 1.
From Claims, 1, 2, 3, 4, 6 and 7, we conclude that the principal curvatures on N are constant and contained in the set {λ, −λ
As pointed out before, we can infer from this fact that the principal curvature on M are constant and contained in the set {λ, −λ −1 } and therefore Theorem 1.2 follows.
Some hypersurfaces in S n+1
(1) with constant Gauss-Kronecker curvature and with l v = λf v for some nonzero vector v ∈ R n+2 and some real number λ ∈ R 1 .
Example 1.
A non complete hypersurface in S 4 (1) with constant GaussKronecker curvature G = −1 that satisfies l v = f v for some nonzero vector v ∈ R 5 .
Let us assume that S ⊂ S 3 (1) ⊂ R 5 is an open piece of a minimal surface with principal curvatures a and −a. Let us assume that for all x ∈ S, we have that 0 < a(x) < 1. Assume that φ : U ⊂ R 2 → S is a conformal parametrization and 
